Abstract. We introduce the concept of a C * -algebraic drawing of a dendroidal set. It depicts a dendroidal set as an object in the category of presheaves on C * -algebras. We show that the construction is functorial and, in fact, it is the left adjoint of a Quillen adjunction between model categories. As a consequence we obtain a new homotopy theory for C * -algebras that is well-adapted to the notion of weak operadic equivalences. An avenue to the theory of graph algebras is also sketched.
Introduction
The category of dendroidal sets dSet was introduced by Moerdijk-Weiss [20, 21] so that (inter alia) it can serve as a receptacle for the nerve functor on the category of operads Operad. The following commutative diagram is illustrative:
where the vertical arrow N (resp. N d ) denotes the nerve (resp. dendroidal nerve) functor. Cisinki-Moerdijk constructed a cofibrantly generated model structure on dSet [4] , such that the fibrant objects are precisely the ∞-operads [13] . Over the last decade it has emerged as an important framework in combinatorial topology, subsuming several aspects of the theory of operads and that of simplicial sets [5, 6] . A natural task is to construct interesting representations of dendroidal sets in other tangible categories that reflect the underlying geometry and topology nicely. We draw inspiration from Property A of Yu [25] that has turned out to be very successful in proving the Strong Novikov Conjecture. It views a Hilbert space as a drawing board and if the drawing of a metric space on this board is clear enough, then its underlying geometry can be read off from the drawing. Motivated by this philosophy we begin our quest for representations of dendroidal sets on Hilbert spaces. By a representation on a Hilbert space we mean a C * -algebra, e.g., the Roe algebra of a coarse space. However, experience from homotopy theory teaches us that the drawing board, i.e., the chosen Hilbert space may not be big enough to accommodate the geometry of very large dendroidal sets. In fact they are supposed to be good enough only for certain small objects. Fortunately, the category of dendroidal sets is locally presentable, i.e., all its objects can be written as suitable colimits of such small objects. Therefore, in this article we put forward the concept of a C * -algebraic drawing (see op acquires a new class of weak equivalences called dendroidal weak equivalences. By construction the dendrawing functor dend reflects such weak equivalences. We believe that this new connection between operator algebras and combinatorial topology is quite interesting. We end with a synopsis of our vision: we discuss a potential application to graph algebras (see subsection 3.1) and outline the future plan of drawing dendroidal sets on noncommutative spaces (see subsection 3.2) . From an aesthetic viewpoint such a drawing would provide a bridge between ∞-operads (in particular, ∞-categories) and noncommutative spaces.
Notations and conventions: Unless otherwise stated, by a graph we shall mean a finite directed graph. Most of the C * -algebras in sight are going to be unital. In order to differentiate the graph algebra construction from that of noncommutative dendrices we are going to denote the graph algebra of a graph E by C We are going to assume familiarity with the theory of operads and simplicial sets, failing which the reader may consult [18, 2, 17, 12, 8] . Since the article is written for topologists as well as operator algebraists, we briefly review the theory of dendroidal sets from [24, 20, 21, 4] that is a simultaneous generalization of both.
Trees have played an important role in the theory of operads ever since its inception. We provide an informal and very concise introduction to trees. We follow the nomenclature and presentation in [20, 19] . A tree is a finite directed graph, whose underlying undirected graph is connected and acyclic. The vertices will be marked by • as shown below:
An edge that is connected to two vertices is called an inner edge; the rest are called outer edges. Amongst the outer edges, i.e., those that are attached to only one vertex, there is a distinguished one called the root; the other outer edges are called leaves. A non-planar rooted tree is a non-empty tree with both inner and outer edges with the choice of one distinguished outer edge as the root. Henceforth, unless otherwise stated, by a tree we shall mean a nonplanar rooted tree. Such a tree will be drawn with the root at the bottom and all arrows directed from top to bottom (with arrowheads deleted) as shown above. For instance, in the above tree there are three leaves l 1 , l 2 , l 3 , four inner edges e 1 , e 2 , e 3 , e 4 , and the root is r. Note that the number of inner edges as well as leaves in a tree could be zero. The simplest possible tree is , which is called the unit tree.
The category of simplicial sets, denoted by sSet, is the category of Set-valued presheaves on the category of simplices ∆, i.e., Fun(∆ op , Set). Similarly, the category of dendroidal sets, denoted by dSet, is the category of Set-valued presheaves on the category of trees Ω, i.e., Fun(Ω op , Set). There is a fully faithful functor ∆ ֒→ Ω and hence the category of dendroidal sets is a generalization of that of simplicial sets. Since dSet = Fun(Ω op , Set) it suffices to describe the category Ω. The objects of Ω are non-planar rooted trees as described above. Note that in a planar rooted tree the incoming edges at each vertex have a prescribed linear ordering, which does not exist in a non-planar rooted tree. Hence each such planar (resp. non-planar) rooted tree generates a non-symmetric (resp. symmetric) coloured operad Ω[T ]. The set of morphisms Ω(S, T ) between two non-planar rooted trees S, T is by definition the set of coloured operad maps between Ω[S] to Ω[T ]. Thus by construction Ω is the full subcategory of the category of symmetric coloured operads spanned by the objects of the form Ω [T ] . Each vertex v of a tree T with outgoing edge e and a labelling of the incoming edges e 1 , · · · , e n defines an operation v ∈ Ω[T ](e 1 , · · · , e n ; e). Consider the non-planar rooted tree T
The operad Ω[T ] that it generates has five colours l 1 , l 2 , e 1 , e 2 , and r. The generating operations are v ∈ Ω[T ](; e 1 ), w ∈ Ω[T ](l 1 , l 2 ; e 2 ), and x ∈ Ω[T ](e 1 , e 2 ; r). There are also operations due to the non-planarity of the tree T . For instance, if σ ∈ Σ 2 , then w • σ ∈ Ω[T ](l 2 , l 1 ; e 2 ) is another operation. There are also the unit operations 1 l 1 , 1 l 2 , 1 e 1 , 1 e 2 , and 1 r and compositions like x • 2 w ∈ Ω[T ](e 1 , l 1 , l 2 ; r). We refrain from documenting a complete list of all operations and the relations they satisfy that the reader can herself/himself reproduce from the above diagram. Instead, we turn towards a more tangible description of the morphisms in Ω.
1.1. Face and degeneracy maps. We illustrate the face and degeneracy maps by examples taken directly from [20] , where one can find a more elaborate discussion. These maps provide an explicit description of all morphisms in the category Ω as we shall see at the end of this subsection.
(1) If e is an inner edge in T , then one obtains an inner face map ∂ e : T /e → T , where T /e is constructed by contracting the edge e as shown below:
If a vertex v in T has exactly one inner edge attached to it, one obtains the outer face map ∂ v : T /v → T , where T /v is constructed by deleting v and all the outer edges attached to it as shown below:
It is also possible to remove the root and the vertex that it is attached to by this process as shown below:
If a vertex v ∈ T has exactly one incoming edge, there is a tree T \v, obtained from T by deleting the vertex v and merging the two edges e 1 and e 2 on either side of v into one new edge e. This defines the degeneracy map σ v : T → T \v as shown below:
The following lemma explains the importance of these maps:
where σ : S → S ′ is a composition of degeneracy maps, ϕ : S ′ → T ′ is an isomorphism, and δ : T ′ → T is a composition of face maps.
1.2.
Face and degeneracy identities. These face and degeneracy maps satisfy numerous identities. We illustrate them by various commuting diagrams in Ω (with the existence of certain non-obvious arrows as assertions). The interested readers are referred to [20, 19] for further details and also the discussion of a couple of special cases that we have left out (see Remark 1.2).
(I) If e, f are distinct inner edges, then (T /e)/f = (T /f )/e and the following diagram commutes:
(II) Assume T has at least three vertices and let ∂ v , ∂ w be distinct outer face maps. Then (T /v)/w = (T /w)/v and the following diagram commutes:
(III) If e is an inner edge that is not adjacent to a vertex v, then (T /e)/v = (T /v)/e and the following diagram commutes:
(IV) Let e be an inner edge that is adjacent to a vertex v and let w be the other adjacent vertex. In T /e the two vertices combine to contribute a vertex z (expressing the composition of v and w in some order). Then the outer face ∂ z : (T /e)/z → T /e exists if and only if the outer face ∂ w : (T /v)/w → T /v exists, and in this case (T /e)/z = (T /v)/w. Summarizing the setup the following diagram commutes:
(V) If σ v , σ w are two degeneracies of T , then (T \v)\w = T \w)\v and the following diagram commutes:
(VI) Let σ v : T → T \v be a degeneracy and ∂ : T ′ → T be any face map, such that T ′ still contains v and its two adjacent edges as a subtree. Then the following diagram commutes:
T → T \v be a degeneracy map and ∂ : T ′ → T be a face map induced by one of the adjacent edges to v or the removal of v (if that is possible). Then T ′ = T \v and the following diagram commutes:
We have left out the following special cases of dendroidal identities:
• Outer face identities when T has less than three vertices.
• Predictable identities expressing the compatibility of the face and degeneracy maps with isomorphisms.
1.3. The model structure on dSet. A model structure on a category was introduced by Quillen [22] as an abstract framework for homotopy theory. For a modern treatment the readers may refer to [10, 9] . We review the model structure on dSet constructed by Cisinski-Moerdijk [4] that generalizes the Joyal model structure on sSet.
The construction of the model structure on dSet exploits the Cisinski model structure on any category of presheaves [3] and also a transfer principle. Typically one begins with certain designing criteria on the the model structure based on intended applications. Similar to the Joyal model structure on sSet it is natural to expect that in the would be model structure on dSet (certain) monomorphisms should be cofibrations, some class of objects (generalizing ∞-categories) should be fibrant, and certain morphisms (generalizing categorical equivalences) should be weak equivalences.
A monomorphism of dendroidal sets X → Y is normal if for any T ∈ Ω, the action of Aut(T ) on Y (T ) \ X(T ) is free. If e is an inner edge of a tree T , then one obtains an inner horn inclusion
is obtained as the union of the images of all the elementary face maps apart from ∂ e : T /e → T . A map of dendroidal sets is called an inner anodyne extension if it belongs to the smallest class of maps which is stable under pushouts, transfinite compositions and retracts, and which contains the inner horn inclusions. There is an adjunction τ d : dSet ⇄ Operad :N d , where τ d is called the operadic realization functor. The model structure on dSet can be described as (see Theorem 2.4 of [4] ):
• the cofibrations are the normal monomorphisms;
• the fibrant objects are the ∞-operads;
• the fibrations between fibrant objects are the inner Kan fibrations, whose image under τ d is an operadic fibration;
• the class of weak equivalences is the smallest class W of maps in dSet satisfying: (a) 2-out-of-3 property; (b) inner anodyne extensions are in W; (c) trivial fibrations between ∞-operads are in W.
We omit further details but explain an additional property of this model category that is relevant for us. Let κ be regular cardinal. A category A is said to be κ-accessible if there is a small category C, such that A ∼ = Ind κ (C). A locally κ-presentable category is a κ-accessible category that, in addition, possesses all small colimits. A category is locally presentable if it is locally κ-presentable for some regular cardinal κ. If C is a small category, the category of presheaves on C (e.g., dSet = Fun(Ω op , Set)) is locally ω-presentable (see, for instance, [1] ). Recall that a model category is said to be combinatorial if it is cofibrantly generated and its underlying category is locally presentable. It is also shown in Proposition 2.6 of [4] that the model category dSet is combinatorial. The generating cofibrations I are the boundary inclusions of trees, i.e.,
Remark 1.3. There is also a pointed version of dSet. It is denoted by dSet * and it is defined as * /dSet, where * is the final object in dSet. The pointed category dSet * inherits a model struction from that of dSet via the forgetful functor U : dSet * → dSet (see, for instance, Proposition 1.1.8 of [10] ).
C
* -algebras associated with trees; noncommutative dendrices
The description of a tree presented in the previous section differs slightly from the standard graph theory literature. Typically, a directed graph G = (E 0 , E 1 , r, s) consists of two (finite) sets E 0 , E 1 and functions r, s : E 1 → E 0 . The elements of E 0 are called the vertices and the those of E 1 are called the edges of G. For an edge e, the vertex s(e) is its source and the vertex r(e) is its range. Thus in a directed graph one does not have edges attached only to one vertex like the leaves or the root that we considered in the previous section. In a graph a path of length n is a sequence µ = e 1 e 2 · · · e n of edges, such that s(e i ) = r(e i+1 ) for all i i n − 1. For such a path µ = e 1 e 2 · · · e n we denote by edge(µ) = {e 1 , e 2 , · · · , e n } the set of all edges traversed by it.
The C * -algebra associated with a tree that we are going to describe shortly is to some extent inspired by the construction of noncommutative simplicial complexes in [7] . However, we design the C * -algebra from the edges of the tree, since from the categorical (or operadic) viewpoint the edges are more fundamental than the vertices. Given a tree T = (E 0 , E 1 ) that is devoid of edges attached to only one vertex, we associate the universal unital C * -algebra generated by {q e | e ∈ E 1 }, such that
(1) q e 0 for all e ∈ E 1 , and (2) e∈E 1 q e = 1. (3) q e 1 q e 2 · · · q en = 0 unless there is a path µ with {e 1 , e 2 , · · · , e n } ⊆ Path(µ).
Remark 2.1. Note that repetitions are allowed amongst e i 's in relation (3) above. For instance, if T is
• then q l 2 q e 1 q e 2 = 0 = q e 2 q e 1 q l 2 , whereas q r q e 1 q l 1 = 0 and q e 1 q l 2 q e 1 = 0. Remark 2.2. In the above construction we can add the relation that the generators commute, i.e., q e q f = q f q e for all e, f ∈ E 1 to obtain a commutative C * -algebra.
To any non-planar rooted tree T we associate a C * -algebra C * (T ) as follows:
(a) insert a vertex at each of the top tip of the leaves (if any) and the bottom tip of the root; (b) construct the universal C * -algebra of the modified tree as explained above. For instance given the tree
according to procedure (a) we modify the tree as
and then construct its C * -algebra.
Definition 2.3. The C * -algebra C * (T ) associated to a non-planar rooted tree T is called a noncommutative dendrex. Note that if X ∈ dSet and T ∈ Ω, then X(T ) is called the set of T -shaped dendrices in X.
Example 2.4. An object [n] ∈ ∆ can be viewed as a linear tree L n as
(drawn horizontally instead of vertically with arrowheads inserted to indicated the direction). This association defines the fully faithful functor ∆ ֒→ Ω. After modification it produces the following tree
, whose associated C * -algebra is the universal unital C * -algebra generated by n + 1 positive generators {q 1 , · · · , q n+1 }, such that n i=1 q i = 1. Its associated commutative C * -algebra (see Remark 2.2) is isomorphic to C(∆ n ), where ∆ n is the standard n-simplex (see Proposition 2.1 of [7] ). Our choice for the noncommutative dendrex construction was guided by this consideration. By definition, we associate C to [0] . Note that [0] corresponds to the unit tree 2.1. Functoriality. The aim of this subsection is to establish the (contravariant) functoriality of the above construction T → C * (T ) with respect to morphisms in Ω. To this end we begin by defining the * -homomorphisms that the faces and degeneracies induce. If σ v : T → T \v is a degeneracy map (see subsection 1.1) like Proof. We need to verify that the set {σ * v (q f ) | f an edge in T \v} satisfies the relations (1), (2) , and (3) in C * (T ) that define the universal C * -algebra C * (T \v). For (1) note that q e 1 and q e 2 are both positive in C * (T ) whence so is q e 1 + q e 2 . Clearly each q f is also positive in C * (T ). Let E 1 (T ) be the set of edges in T . We verify (2) by computing
For (3) one can check by inspection that if f 1 , f 2 are two edges in T \v that do not lie in a path, then they cannot lie in a path in T .
Note that every face map can be viewed as an injective map on edges (or colours of the associated operad). Thus if ∂ e : T /e → T is an inner face map then define a * -homomorphism
Remark 2.7. In order to assert that ∂ * e : C * (T ) → C * (T /e) is a * -homomorphism, one needs to again verify that the set {∂ * e (q f ) | f an edge in T } satisfies the relations (1), (2) , and (3) in C * (T /e) that define the universal C * -algebra C * (T ). The same comment is applicable to ∂ * v . Relations (1) and (2) are clearly satisfied; for relation (3) one needs to observe that if two edges e, f in T do not lie in a path, then this property continues to hold in T /e or T /v.
Finally, if θ : S → T is an isomorphism in Ω then θ * : C * (T ) → C * (S) acts on the generators as q e → q θ −1 (e) . One can readily verify that θ * is a unital * -homomorphism. Let SC * un denote the category of separable unital C * -algebras with unit preserving * -homomorphisms. Extending the Gel'fand-Naȋmark duality SC * un op is regarded as the category of compact Hausdorff noncommutative spaces with continuous maps. Proposition 2.8. The association of a tree to the corresponding noncommutative dendrex
Proof. In view of Lemma 1.1 it suffices to show that the * -homomorphisms ∂ * e , ∂ * v , σ * v and θ * satisfy the face and degeneracy identities (see subsection 1.2). Note that we simply need to verify that various combinations of these * -homomorphisms governed by the identities agree on generators.
It is easy to verify that identities (I), (II), (III), and (V) are satisfied. The point is to observe that the order in which a certain number of generators are sent to 0 or sums of two other generators does not affect the final outcome.
For (IV) let us suppose that the tree around e looks like below n leaves
Now ∂ * z ∂ * e will first send q e to 0 and then q l 1 , · · · , q ln to 0. One the other hand ∂ * w ∂ * v will first send q l 1 , · · · , q ln to 0 and then q e to 0. The end result is evidently the same.
For (VI) we begin with the commutative diagram
Let us suppose that the face map ∂ removes edges f 1 , · · · , f n . Since T ′ still contains v and its two adjacent edges (say e 1 and e 2 ), one can merge them to a new edge e. Thus ∂ * is defined by q f i → 0 for i = 1, · · · n and σ * v by q e → q e 1 + q e 2 . Hence it is clear that ∂ * σ * v = σ * v ∂ * . The verifications of (VII) and the special cases (see Remark 1.2) and similar and omitted.
It remains to observe that C * (T ) is unital for every T ∈ Ω and the * -homomorphisms ∂ * e , ∂ * v , σ * v and θ * are all unit preserving whence the essential image of the functor D is indeed SC * un op . Note that for a map τ : S → T in Ω the induces map is τ * : C * (T ) → C * (S).
Drawing and Dendrawing
For a small category C let P(C) denote the category of Set-valued presheaves on C, i.e., Fun(C op , Set). Thus setting C = Ω we find P(Ω) = dSet. Since P(SC * un op ) is cocomplete, using the functoriality of the category of presheaves one obtains the dashed functor below:
where the vertical functors are the canonical Yoneda embeddings and the top horizontal functor D : Ω → SC * un op is the one constructed in the previous section (see Proposition 2.8) . Let draw denote the dashed functor in the above diagram (5) . There is an adjunction draw: dSet ⇄ P(SC * un
where the right adjoint dend is defined as T → X(D(T )).
Definition 3.1. For any X ∈ dSet the object draw(X) is its C * -algebraic drawing. We call the functor draw (resp. dend) the drawing (resp. dendrawing) functor. Recall from subsection 1.3 that the category dSet admits a combinatorial model structure.
There is a combinatorial model structure on P(SC * un ), such that the drawingdendrawing adjunction draw: dSet ⇄ P(SC * un op ) :dend, becomes a Quillen adjunction.
Remark 3.4. Viewing SC * un op inside the category of presheaves P(SC * un op ) via the Yoneda functor we obtain a new homotopy theory for C * -algebras, whose weak equivalences are called dendroidal weak equivalences.
We anticipate that our result has the potential to address certain practical problems arising in networking and graph theory. We outline one natural connection to graph algebras.
Graph algebras.
There is a vast literature on graph algebras (or graph C * -algebras) with several interesting results relating structural aspects of the graph algebra (like simplicity) to purely graph theoretic properties. We encourage the interested readers to consult, for instance, [23] and the references therein.
Let E be a finite graph and let H be a fixed separable Hilbert space. A Cuntz-Krieger E-family {S, P } on H (abbreviated as CK E-family) consists of a set P = {P v | v ∈ E 0 } of mutually orthogonal projections on H and a set S = {S e | e ∈ E 1 } of partial isometries on H, such that (1) (CK1) S * e S e = P s(e) for all e ∈ E 1 ; and (2) (CK2) P v = {e∈E 1 : r(e)=v} S e S * e provided {e ∈ E 1 : r(e) = v} = ∅.
The graph algebra of E, denoted by C * gr (E), is by definition the universal C * -algebra generated by {S, P } subject to relations (CK1) and (CK2). It is known that C * gr (E) is unital if and only if the set of vertices E 0 is finite (see Proposition 1.4 of [11] ).
Remark 3.5. Some authors prefer to write the relations (CK1) and (CK2) differently, viz., the roles of r and s are interchanged. We have adopted the convention from [23] . The advantage of this viewpoint is that juxtaposition of edges in a path corresponds to composition of partial isometries on H.
The left Quillen functor draw : dSet → P(SC * un op ) is obtained by the left Kan extension of
Explicitly it is given by the formula:
where the colimit is taken over the comma category (D ↓ A). The Quillen adjunction descends to an adjunction of homotopy categories
Ldraw: Ho(dSet) ⇄ Ho(P(SC * un op )) :Rdend, after taking the total derived functors of draw and dend (Ldraw and Rdend respectively).
The composite Ldraw • Rdend is a comonad on Ho(P(SC * un op )). Viewing any separable unital C * -algebra A inside Ho(P(SC * un op )) via the Yoneda functor, we may consider the map given by the counit of the adunction Id(A) → Ldraw • Rdend(A). It is presumably not an isomorphism; nevertheless, one should consider its comonadic resolution. If A is a graph algebra, this resolution can be viewed as a resolution of the underlying graph by trees. Remark 3.6. It would be interesting to analyse the above-mentioned construction for a separable unital C * -algebra, possibly, after passing to the stable category.
3.2. Future direction. We defined in [16] the compactly generated ∞-category of pointed noncommutative spaces NS * = Ind ω (SC * ∞ op ) generalizing the category of pointed compact noncommutative spaces. Let T n denote the linear graph
ab denote the commutative unital C * -algebra generated by requiring the generators {q e 1 , · · · , q en } of C * (T n ) to commute (see Remark 2.2). There is a canonical surjective * -homomorphism
ab that is identity on the generators. It follows from Proposition 2.1 of [7] that C * (T n ) ab is isomorphic to the commutative C * -algebras C(∆ n ). There is also a canonical * -homomorphism s n :
e ii is the identity matrix that is the unit in the graph algebra C * gr (T n ) ∼ = M n . Thus we have a zig-zag of arrows
Consider the set of * -homomorphisms {π n , s n | n ∈ N} in SC * ∞ , which defines a set of maps M in the ∞-category noncommutative pointed spaces NS * via the Yoneda functor j : SC * ∞ op → Ind ω (SC * ∞ op ) = NS * . The diagram 6 above demonstrates how C * (T n ) interconnects simplices and matrices. Thus we are going to invert the maps in M to construct the simplex-matrix identified version of NS * . Definition 3.7. The accessible localization L M : NS * → M −1 NS * =: NS SM * is defined to be the ∞-category of simplex-matrix identified pointed noncommutative spaces.
Remark 3.8. Since NS * is a presentable ∞-category, so is NS SM * . Note that the objects j(SC * ∞ op ) are compact in NS * . Therefore, the domains and the codomains of the maps in M are all compact and hence NS SM * is actually ω-accessible, i.e., compactly generated. It was shown in Theorem 1.9 (1) of [14] that there is a fully faithful ω-continuous functor S * ֒→ NS * , where S * is the ∞-category of pointed spaces.
Proposition 3.9. The fully faithful ω-continuous functor S * ֒→ NS * admits a right adjoint, i.e., it is colimit preserving.
Proof. Due to the Gel'fand-Naȋmark correspondence there is a fully faithful functor f : S fin * ֒→ SC * ∞ op that induces the fully faithful ω-continuous functor Ind ω (f ) : S * ֒→ NS * of Theorem 1.9 (1) of [14] . The functor f preserves finite colimits whence it is right exact. Therefore, by Proposition 5.3.5.13 of [13] the functor Ind ω (f ) admits a right adjoint. Definition 3.10. We denote the right adjoint of S * ֒→ NS * in the above Proposition 3.9 by US : NS * → S * and call it the underlying space functor. Since US admits a fully faithful left adjoint it is a colocalization. The composite functor NS SM * ֒→ NS * US → S * defines the underlying space functor on NS SM * . Remark 3.11. It would be nice to use the constructions of this article to produce an adjunction of ∞-categories : N(
• dSet * ) ⇄ NS SM * : , where N(
• dSet * ) is the underlying ∞-category of dSet * (see Remark 1.3). This would realise our vision of drawing dendroidal sets on noncommutative spaces. Hopefully it would retain their underlying geometry that can be read off via (co)homological functors.
